Abstract-Cusps and nodes on plane sections of the singularity locus in the joint space of parallel manipulators play an important role in nonsingular assembly-mode changing motions. This paper analyses in detail such points, both in the joint space and in the workspace. It is shown that a cusp (resp. a node) defines a point of tangency (resp. a crossing point) in the workspace between the singular curves and the curves associated with the so-called characteristics surfaces. The study is conducted on a planar 3-RPR manipulator for illustrative purposes.
INTRODUCTION
Most parallel manipulators have singularities that limit the motion of the moving platform. The most dangerous ones are the singularities associated with the direct kinematics, where two direct kinematic solutions (DKSs) or assembly modes (AM) coalesce. Indeed, approaching such a singularity results in large actuator torques or forces, and in a loss of stiffness. Planar parallel manipulators have received a lot of attention [1-4, 6, 7, 9, 10, 15-16] because of their relative simplicity with respect to their spatial counterparts. Moreover, studying the former may help understand the latter.
Planar manipulators with three extensible leg rods, referred to as 3-RPR manipulators, have often been studied. Such manipulators may have up to six assembly modes (AM) [1] . The direct kinematics can be written in a polynomial of degree six. Moreover, the singularities coincide with the set of configurations where two direct kinematic solutions coincide. It was first pointed out that to move from one assembly mode to another, the manipulator should cross a singularity [2] . However, [3] showed, using numerical experiments, that this statement is not true in general. More precisely, this statement is only true under some special geometric conditions, such as similar base and mobile platforms [4] . Relying on geometric arguments, [5] conjectured that the workspace of 3-RPR parallel manipulator is divided into two singularity-free regions called aspect and that there should be 3 solutions in each aspect. Recently, [6] provided a mathematical proof of the decomposition of the workspace into two aspects using geometric properties of the singularity surfaces. Also, non-singular AM changing motions were described in a 3-D representation. McAree and Daniel [4] pointed out that a 3-RPR planar parallel manipulator can execute a non-singular change of assembly-mode if a point with triple direct kinematic solutions exists in the joint space. The authors established a condition for three direct kinematic solutions to coincide and showed that the encirclement of a cusp point is a sufficient condition for a non-singular AM change. This condition was exploited by [7] , where authors provided an algorithm to detect the cusp points of a 3-RPR parallel manipulator in a section of the joint space, which corresponds to an input joint variable set to a constant value. Wenger and Chablat [8] investigated the question of whether a change of assembly-mode must occur or not when moving between two prescribed poses in the workspace. They defined the uniqueness domains in the workspace as the maximal regions associated with a unique assembly-mode and proposed a calculation scheme for 3-RPR planar parallel manipulators using octrees. They showed that up to three uniqueness domains exist in each singularity-free region. When the starting and goal poses are in the same singularity-free region but in two distinct uniqueness domains, a non-singular change of assemblymode is necessary. However they did not investigate the kind of motion that arises when executing a non-singular change of assembly-mode. [9] analyzed the variation of the topology of singularity curves and the distribution of the cusp points from one section of the joint space to another.
By calculating the image in the workspace of a trajectory Abdel Kader Zaiter, Philippe Wenger and Damien Chablat A study of the singularity locus in the joint space of planar parallel manipulators: special focus on cusps and nodes 2 that encircles a cusp point, [10] described all corresponding trajectories. Also, the authors introduced the notion of reduced configuration space for an aspect and used this notion to show which cusp points must be encircled to achieve a non singular AM change in the associated aspect.
[11] showed the singularity surface in the 3D workspace for the 3-RPR parallel manipulator, with the six solutions corresponding to the same point in the joint space. Moreover, they studied the coincidence of DKSs on the singular curves in the reduced configuration space. Another type of AM change was reported by [12] , which corresponds to the encirclement of an α-curve in the joint space. Moreover, the authors showed the possibility to produce an AM change when approaching a singularity for micro mechanisms that present relatively large joint clearances. Later, [13] related the encirclement of a α-curve to the encirclement of a loop characterized by a node, which corresponds to the simultaneous coalescence of two couples of DKSs. [14] provided a mathematical condition of the existence of cusps and nodes.
[15] provided a tool to calculate the practical workspace and, therefore, the reduced configuration space, keeping one input variable constant. This work was extended in [16] with more explanations and more examples. In [17] , the authors showed, using numerical experiments, that not any cusp point may be encircled to perform a nonsingular AM changing motion. However, their work did not make it possible to identify definite rules.
In this work, a detailed analysis is provided to explain the role of the singular curves in the joint space and in the workspace as pertained to the loss of solutions. More attention is drawn to the study of cusps and nodes. It is shown that a cusp (resp. a node) defines a point of tangency (resp. a crossing point) in the workspace between the singular curves and the curves associated with the so-called characteristics surfaces. This study is illustrated with a 3-RPR planar parallel manipulator. It is a first step towards a rigorous and complete analysis of nonsingular changing motions in parallel manipulators.
ILLUSTRATIVE MANIPULATOR
A 3-RPR planar parallel manipulator is used in this paper to illustrate the analysis. As showed in figure 1 , this manipulator has triangular base and platform denoted 
SINGULARITIES

Singularities and aspects
The 3-RPR parallel manipulator is in a singular configuration whenever the axes of its three legs are concurrent (the platform orientation gets out of control) or parallel (the translation along a direction orthogonal to the two parallel legs is out of control).
The singular configurations of the 3-RPR planar parallel manipulator can be calculated without any difficulty. They define surfaces both in the workspace and in the joint space. The singular surfaces divide the workspace into two singularity-free domains called aspects [6, 5] WA . When mapped into the joint space, these two aspects coincide and thus define two coincident sets.
Since we are considering slices by fixing 1  , the singularity locus can be depicted as curves in the workspace (resp. the joint space) in the ( 1
At a point on a singularity curve in the workspace, the manipulator is necessarily in a singular configuration.
At a point on a singularity curve that bounds the joint space, the manipulator is in a singular configuration. On an internal singularity curve, the point admits several nonsingular DKSs in addition to the singular solution. Near a singular point, there are two "mirrored" DKSs in the workspace on each part of the singular curve [3] . When a singular point of a singular curve is met in the joint space, the two mirrored DKSs coincide and one DKS is then lost in each aspect (see [3, 4] for example). 
Cusps and nodes
Cusps and nodes appear on the singular curves as a consequence of the projection of the manipulator configuration space folds onto its joint space [4] . As described by Whitney [18] , a cusp arises when a fold is "folded". Figure 3 shows the local model of a cusp where the singular locus is shown in red lines. Three DKSs coincide at a cusp point. A node appears on the singular curves in the joint space at a crossing point. A node arises from the projection of two distinct folds. There are two pairs of coincident DKSs at a node.
Characteristic surfaces, basic regionsbasic components
The notion of characteristic surfaces was introduced in [5] .
Its definition is recalled thereafter. , are defined as follows:
where:
g maps all points of a given set of the workspace into the joint space through the manipulator inverse kinematics. Note that since we are considering slices by fixing 1  , the characteristic surfaces are defined by curves in this paper.
where K is the set indexing the basic regions. The following notation will be used throughout the paper. 
SOLUTION LOSS ON THE SINGULARITY CURVES
CORRESPONDENCE OF CUSPS AND NODES IN THE
WORKSPACE
In this section, it is shown that one image of a cusp point, which corresponds to the coalescence of three DKSs in the workspace, defines a tangency point between the curves associated with the characteristic surfaces and the singular curves in the workspace. Also, the other images will correspond to cusp points formed by the characteristic surfaces. For a node, two images will correspond to a crossing point between the curves associated with the characteristic surfaces and the singular curves in the workspace, where these two images correspond to the coalescence of two couples of DKSs. The other images of a node will correspond to cross points between curves associated to characteristic surfaces. For more simplicity, we consider a manipulator with two aspects, like the illustrative manipulator shown in figure 1. 
Case of a cusp point
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Example on the cusp point
The 3-RPR planar parallel manipulator described in section 2 is chosen as illustrative example. We will explain the correspondence, in the workspace, of cusp point 6 4  CP shown in figure 5 . This cusp point is formed by the parts of curves 4 C and 6 C colored in black and light blue, respectively. Near WAb . Also, curve 6 C yields the curve image It is known that, in the reduced configuration space, the different DKSs corresponding to same input variables represent the intersection points of a vertical line with the configurations space [10, 11] . For a cusp point, the vertical line is tangent on the singular curve folded in a specific way, where three DKSs coalesce. The projection of this fold on the joint space yields the cusp point, also the others images of the cusp points will be projections of this fold on the configuration space, where these images correspond to a cusp point formed by the characteristic surfaces. Figure 6 shows that the other images of C , marked by (*), (**) and (***). As we have 6 cusp points in the section of the joint space represented in figure   5 (the red dots), figure 6 shows 6 tangent points (large red dots) between the DKP singular curves and the curves associated with the characteristic surfaces. Also, the studied figure 7) . Therefore, the second correspondence of a node is also a crossing point between the curves associated with the characteristic surfaces and the singular curves. N has two other image points, which define crossing points between the curves associated with characteristic surfaces. These images are represented by (*) and (**) in figure 8. Due to space limitation, the demonstration is not presented in this paper.
Case of a node
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Example on the node
We have 6 double points in the joint space (figure 5), three of them have 4 distinct images and the three remaining ones have 2 distinct images. Figure 8 shows 12 intersection points (the large blue dots) between the singular curves and the curves associated with the characteristic surfaces, and 6 intersection points (the small blue dots) between the curves associated with the characteristic surfaces.
CONCLUSION
A detailed analysis of singularities in the joint space and in the workspace was presented in this paper. It was shown that the image of a cusp point corresponding to the coalescence of three DKSs, and the image of a double point corresponding to the coalescence of two couples of the DKSs are, respectively, a tangent point and a crossing point between a singular curve and a curve associated with the characteristic surfaces. The demonstration was based on a comprehensive description of the images of the singular curves reflecting the coalescence of the DKSs on it. This preliminary work will help study in detail non-singular assembly-mode changing motions in parallel manipulators.
